Abstract. To a dominant morphism π : X/S → Y /S of Noetherian integral S-schemes one has the inclusion Cπ ⊂ Bπ of the critical locus in the branch locus of π. Conditions on the relative differentials Ω X/Y , Ω X/S , and Ω Y /S are stated that imply bounds on the codimensions of Cπ and Bπ. We also give bounds on the codimension of the discriminant locus, proving and generalising a conjecture of Dolgachev [13] .
Introduction
Here π : X/S → Y /S always denotes a dominant morphism of Noeetherian integral S-schemes, and assume also in this introduction that X/S, Y /S, and X/Y are of finite type. Let Ω X/Y = Coker(π * (Ω Y /S ) → Ω X/S ) be the sheaf of relative differentials, and dually C X/Y = Coker(dπ : T X/S → T X/S→Y /S ) be the critical module of π, where dπ is the tangent morphism of π. The critical locus of π is the support C π of C X/Y , and the branch locus B π is the subset of points where the stalk of Ω X/Y is not free; we abuse the terminology since B π is the points of ramification as defined in [19] only when Ω X/Y is torsion and hence B π = supp Ω X/Y . These two subsets of X, satisfying C π ⊂ B π , exert much control on the morphism π. For instance, if B π = ∅, then π is smooth if it is flat, and if π is finite and Y is normal [4, Sec. 4 ] (more generally, if supp Ω X/Y = ∅ and Y be geometrically unibranch [19, Cor. 18.10.3] ), then π isétale. If C π = ∅, and π is either flat or Y /S is smooth, then tangent vector fields on Y lift (locally) to tangent vector fields on X. It is therefore a natural problem to find upper bounds on the codimensions of B π and C π , so that B π = ∅ or C π = ∅ can be controlled in low codimensions. If the best situation obtains, that codim X C π ≤ 1 and codim X B π ≤ 1, we say that C π and B π are pure (of codimension 1), respectively. Let (Prop. 1.2.1), so C π = B π in this case. In general, we shall see that C π is pure "more often" than B π (Th. 2.2.1,(iii)) .
It is a classical result of Zariski, Nagata and Auslander [5, 25, 30] that B π is pure when π is finite, X is normal, and Y is regular. This was generalised, allowing mild singularities, by Grothendieck, Faltings, Griffith, Cutkosky, and Kantorovitz [10, 15, 17, 18, 20] . On the other hand, for birational morphisms π one has van der Waerden's purity theorem, stating for normal Y , that B π is pure if a certain condition (W) on Y is satisfied (e.g. Y is Qfactorial). It is now natural to ask, as in [19, Rem. 21 .12.14, (v)], if the two types of purity, one for finite and another for birational morphisms, can be used together so that one gets purity for generically finite π just by knowing the existence of a factorisation into a birational and a finite morphism
where Y ′ is the normalisation of Y in X. However, Y ′ need not satisfy (W); more precisely, the complement of the branch locus B g of the finite morphism need not be affine (see Remark 2.1.3). We shall see that a more direct way of establishing purity results for C π and B π when π is neither quasi-finite nor birational, is by assuming good behaviour of the modules Ω X/S and Ω Y /S . Proposition 2.1.1 is a general criterion implying codim X B π ≤ 2 when π is generically separably algebraic, and Proposition 2.1.2 is a simple argument for Cutkosky's bound codim X B π ≤ 2 when π is finite, X is normal, and Y is local complete intersection; it is a direct consequence of Grothendieck's purity theorem. Theorem 2.1.5 is a relative version of the Zariski-NagataAuslander purity theorem, valid when S is defined over the rational numbers. Another type of generalisation is Theorem 2.1.6, where it is assumed that X/S and Y /S are differentially relative complete intersections (d.r.c.i.), meaning that Ω X/S,x and Ω Y /S,y have projective dimension ≤ 1 at each point x in X and y in Y . Note that the two results apply to generically separably algebraic morphisms, so π need neither be finite nor birational, hence they also generalise van der Waerden's theorem.
Going a step further, allowing d X/Y ≥ 0, we have Theorem 2.2.1, which consists of several parts. It contains estimates of codim X C π in terms of certain defect numbers of X/S and Y /S, the more precise the more assumptions on π are made. A notable fact is that codim X C π ≤ 1 if the image of the tangent morphism T X/S = Im(dπ) satisfies Serre's condition (S 2 ); this follows when X satisfies (S 2 ) and π is generically separably algebraic. Note that codim X C π ≤ 1 implies codim X B π ≤ 1 when X/S and Y /S are smooth.
One may reflect over the usefulness of our relative setting, knowing that non-smoothness and branch loci are unions of the corresponding loci for morphisms of fibres X s → Y s , taking one point s in S at a time [19, Props 17.8.1, 17.8.2] . It is nevertheless natural consider the differentials over S. For instance, if S is defined over a field k it is not necessary that X/k and Y /k satisfy the requirements in the Zariski-Nagata-Auslander (Y /k is smooth) or Grothendieck-Cutkosky purity [18] (Y /k is a local complete intersection), and more so the "smaller" the fibres of the (flat) morphisms X/S and Y /S are. Now assume that π is also flat and generically separable, X is CohenMacauly, Ω X/S is locally free (e.g. X/S is smooth) and that Ω Y /S,y is free when y is a point of height ≤ 2 (e.g. Y /S is smooth). The discriminant locus D π is π(B π ), and consists of points y where the fibre X y is degenerate in some sense; if S is the spectrum of a field of characteristic 0, then D π is the locus of points y with singular fibre X y . It is clearly useful to determine bounds on codim Y D π , by similar reasons as for the branch and critical locus. We prove in Theorem 3.1.1 that
This implies in particular that codim Y D π ≤ 1 when d X/Y = 1, generalising some rather old results. It was conjectured in [13] that when π is proper and flat of relative dimension 1 with smooth general fibre, and X and Y are regular schemes over a field, then if B π = ∅, it follows that each irreducible component of D π is of codimension 1 in Y . Dolgachev [loc. cit.] proved this conjecture in the special case that X and Y are smooth over a field of characteristic 0, the general fibre has genus ≥ 1, and that π is cohomologically flat. Simha [28] considers the case of complex manifolds of dimension dim X = 3, dim Y = 2 using properties of Teichmüller spaces, and Ramanujam [26] proves it for complex manifolds when the general fibre is of genus g = 0 using a topological method. Apparantly, at one point one was unsure if codim Y D π > 1 can happen when d X/Y > 1, but simple examples of this phenomenon was provided by Mumford [11, 26] .
The idea in the proof of Theorem 3.1.1 is this. If y is a maximal point of D π of height ht(y) ≥ 2 and x a maximal point of B π such that π(x) = y, knowing Dolgachev's bound ht(x) ≤ d X/Y + 1, which is a consequence of Buschbaum-Rim's extension of Krull's Hauptidealsatz, the difficulty is to show ht(x) ≥ ht(y) + 1. By flatness ht(x) ≥ ht(y), so if on the contrary ht(x) = ht(y), then x is a maximal point in the fibre X y . Taking a good quasi-section of π near a closed point of X y gives a morphism X ′ → Spec O Y,y , unramified at points of height ≤ 1, which moreover satisfies the requirements of Theorem 2.1.6; in particular X ′ /S is d.r.c.i. Therefore X ′ /Y is unramified, resulting in a contradiction since we prove B π ∩ X ′ ⊂ B X ′ /Y .
1.
Critical locus and branch locus 1.1. Generalities. We conform to the notation in [19] . The height ht(x) of a point x in X is the same as the Krull dimension of the local ring O x , and x is a maximal point (or minimal prime) in a subset T of X if for each point y in the closure of x we have ht(x) ≤ ht(y). Put
T when x is a maximal point of T (in the introduction we mean codim = codim + ). If T is empty, put codim
The relative dimension of a morphism π : X → Y of integral Noetherian schemes, denoted d X/Y , is the transcendence degree of the the extension of function fields K(X)/K(Y ); this is the same as dim X − dim Y when π is locally of finite type. The morphism π is equidimensional if each fibre
locally of finite type of integral Noetherian schemes is equidimensional when Y is universally catenary, e.g. when it is locally a subscheme of a CohenMacaulay scheme.
1.2. Critical scheme and branch scheme. Recall the fundamental exact sequence
which, putting Γ X/Y /S = Ker(p) (the imperfection module) and V X/Y /S = Im(p), gives two short exact sequences
The dual of p induces a homomorphism of O Y -modules, the tangent morphism of π, dπ :
and is part of the exact sequence
where C X/Y is the critical module of π. The critical set C π is supp C X/Y ; we say that π is submersive at a point 
Thus in this situation, C π = B π as schemes. 
where the left vertical homomorphism exists because there are canonical
and the latter is an isomorphism because G is locally free (they both are isomorphisms since F also is locally free). 1.3. Differentially relative complete intersections. Ferrand [14] (see also [29] ) has shown that a reduced local k-algebra A is a complete intersection if and only if the projective dimension p. d. Ω A/k ≤ 1. This motivates the following relative notion of local complete intersections.
Clearly, if Ω X/S and ν X/Y /S are locally free, then π is a d.r.c.i. We formulate this observation as follows; this is known by Dolgachev [12] : Proof. Working locally in X we can assume that X/S is a subscheme of a smooth scheme X r /S so we have the short exact sequence
We have to see that Λ x is free for each point x. By assumption the two rightmost terms are S-flat; hence Λ is S-flat. Since X s /k s is a local complete intersection its defining ideal in X r s /k s is given by a regular sequence, implying that the restriction k s ⊗ Λ x is locally free. Selecting an inverse image of a basis gives a surjective morphism O n x → Λ x . Since Λ is S-flat it follows by [23, Th 22.5] that Λ x is free.
In particular, by Auslander-Buchsbaum's formula, if X/S is a d.r.c.i., and Ω X/S,x is free when ht(x) ≤ i (e.g. X/S is smooth in codim ≤ i), then Ω X/S satisfies (S i ); in particular Ω X/S is torsion free when X/S is a normal d.r.c.i. We aim for more precise results in certain cases when d X/Y = 0. This is possible since maximal associated points in Ω X/Y of high height cannot occur if Ω X/S is void of associated points of high height, and if moreover V X/Y /S has depth ≥ 2 at such points. On the other hand, it is quite difficult to find upper bounds on the height of the associated points of Ω X/S . For instance, the rather natural assumption that X satisfies (S 2 ) and (R 1 ) does not imply that Ω X/S satisfies (S 1 ) and hence that Ω X/S is torsion free since X is integral; the (non-zero) torsion of Ω X/k was computed in [1] when X/k is a singular toric variety. On the other hand, by the Auslander-Buchsbaum formula, a point x cannot be associated if the projective dimension satisfies 
Proof. Consider the short exact sequence (1.3) and assume, on the contrary, that there exists a maximal point x in B π of height ht(x) ≥ 3. The point x is thus associated for Ω X/Y , so we have an injective map
Letting Ω a X/S,x be the pre-image of k x in Ω X/S,x in (1.1), we get the exact sequence
, implying that the above sequence splits; hence x is an associated point of Ω X/S . But since X/S is a d.r.c.i., by Auslander-Buchsbaum's formula depth Ω X/S,x ≥ 2 ≥ 1, hence x cannot be an associated point. This gives a contradiction.
Purity for finite morphisms π is well-studied. Zariski [30] proved that codim X B π ≤ 1 when X/k, Y /k are of finite type over a perfect field k, X is normal, and Y is regular. Nagata [25] proved codim X B π ≤ 1 when Y is regular, X is normal. Auslander [5] gave a module theoretic proof of Nagata's result. Grothendieck states purity in the following way [18] Proof. By normality, π is formallyétale if and only if it is formally unramified, i.e. Ω X/Y = 0. If x is a maximal associated point of Ω X/Y we argue that ht(x) ≤ 2. Suppose ht(x) ≥ 3. Points x 1 ∈ Spec O x \ m x specialise to the closed point x, and since x is a maximal associated point it follows that Spec O x \{m x } contains no associated point for Ω X/Y . Therefore Ω X/Y,x 1 = 0 when x 1 ∈ Spec O x \{m x }, i.e. the morphism Spec O x \{m x } → Spec O π(x) \ {m π(x) } isétale. By Grothendieck purity described above it follows that Ω X/Y,x = 0, contradicting the assumption that x is an associated point.
Let Z = π(B π ) be the discriminant set of a finite morphism, so codim [2, 27] .
The purity results in [5, 10, 15, 18, 20, 25, 30] apply to finite morphisms, while Proposition 2.1.1 applies to a much larger class of morphisms, although being weaker than the purity results of Grothendieck-Cutkosky (and ZariskiNagata-Auslander-Faltings) in the finite case when the morphism X → Y cannot be fibred over S as stated (since X/S is required to be d.r.c.i. to rule out the existence of associated points of high height for Ω X/S ). On the other hand, van der Waerden's theorem [19, Th. 21.12.12] states that codim + X B π ≤ 1 when π : X → Y is locally of finite type and birational, and Y moreover satisfies the following condition (see also [7] ):
The condition (W) is satisfied in particular when Y is normal and its local divisor class groups are torsion, i.e. Y is Q-factorial.
It is convenient to single out the following class (F) of morphisms: 
where h is birational, and since Y is normal, g is finite. We have branch loci
and would like to know when codim
k (one can check that Y ′ satisfies (S 2 ) and (R 1 ), hence it is normal). We have thus a factorisation π = g • h where h :
Then codim + Y ′ B g = 1, but the set Y ′ \ B g is not affine [6] . The divisor class group Cl(Y ′ ) = Z, with generator the class of (x 1 , x 2 ), [9] , see also [16, Ch III, Prop 14.8] . The fact that codim
Note also that C h = ∅, in agreement with (ii) and (iii) in Theorem 2.2.1.
We give two results generalising van der Waerden's theorem to certain morphisms in (F). The first theorem can be thought of as a characteristic 0 relative version of Zariski-Nagata-Auslander purity, only assuming π induces an algebraic extension of function fields. Proof. Assuming the contrary that there exists a maximal point of height ≥ 2, after localisation one may assume that ht(x) ≥ 2 for each maximal point x in B π . Since Ω Y /S is locally free the exact sequence (1.1) can be complemented with 0 → to the left; each maximal point of B π is of height ≥ 2; π * (Ω Y /S ) is locally free, and X satisfies (S 2 ); hence (1.1) is locally split exact; hence the quotient Ω X/S /Ω t X/S by the torsion sub-module is locally free. It follows that T X/S is locally free (of finite rank) and that the canonical map Ω X/S → T * X/S is surjective (see e.g. [21, Lem. 2]). Therefore, by [22, §3, p. 880], for any point x in X there exist elements {f 1 , f 2 , . . . , f r } in O x and derivations ∂ 1 , ∂ 2 , . . . , ∂ r (r = rank Ω X/S,x /Ω t X/S,x ) such that det ∂ i (f j ) is invertible. Imitating the proof of the Zariski-Lipman-Nagata regularity criterion; see [22] ,[23, Th 30.1 and its Corollary], noting that the completion of the local ring O x along the ideal (f 1 , f 2 , . . . , f r ) is reduced since X/S is locally of finite type and integral, it follows that Ω X/S,x is free, so Ω t X/S,x = 0; hence Ω X/Y,x = 0; x was an arbitrary point, hence B π = ∅.
The second generalisation applies to situations when Y /S need not be smooth. It can be compared to Dolgachev's result for morphisms π which are d.r.c.i. (see (v) in Theorem 2.2.1), while here it is assumed that the source and target are d.r.c.i., which should be of more practical value. Before the proof of Theorem 2.1.6 first recall that the kernel and cokernel of a biduality morphism M → M * * of a coherent O X -module M can be expressed using the transposed module D(M ), locally defined up to local projective equivalence by D(M ) = Coker(φ * ) where φ is a local presentation
see [3] . Note that when the projective dimension p. d.
. Note also that since π is generically separable, Γ X/Y /S is torsion, so V * X/S = T X/S→Y /S .
Proof of Theorem 2.1.6. Assume that codim
+ X B π ≥ 2, so after localisation we may assume that each maximal point x if B π has height ht(x) ≥ 2. Since π is generically separable Hom O X (C X/Y , O X ) = 0, hence we have from (1.4) the commutative diagram
where T X/S = Im(dπ) and Λ X/Y is defined by the diagram. Here β is the identity and by the serpent lemma Ker(γ) = Coker(α) = Ext 1
Hence we have the exact sequence
As a maximal point x of C π is maximal also in B π (Th. 2.2.1), we have ht(x) ≥ 2, hence Ext 1
. It is now straightforward to see that we get the following commutative diagram:
Since π is generically separably algebraic, so h = 0, by the serpent lemma one has the exact sequence
, and since Ω Y /S,y is free at points y when y = π(x) and ht(x) ≤ 2, it follows that Ext 2 O X (D(V X/S ), O X ) = 0, using the assumption that X satisfies (S 3 ); hence Ker b = 0. Similarly, since X/S is d.r.c.i. and Ω X/S,x is free at points x with ht(x) ≤ 1, we get
hence Coker a = 0. Therefore Ω X/Y = 0. T X/S = Im(dπ : T X/S → T X/S→Y /S ).
is the ith Betti number of the O x -module M x . The relative embedding dimension of X/S is embdim S X = sup{dim kx k x ⊗ Ω X/S | x ∈ X}, and the "smoothness defect" δ X/S = embdim S X − d X/S (this is the regularity defect when S is the spectrum of a perfect field k and X = Spec A for a local k-algebra A). We will also use the dual notion of defect of tan- (1) C π ⊂ B π , and if Ω X/S is locally projective, then
(2) If X/S and Y /S are locally of finite type, and π is locally of finite type, then Proof. An N -regular sequence (
Moreover: (a) If Y /S is smooth, then
We will state a theorem in several parts (1) (2) (3) (4) (5) , for which a few remarks may be in place. (3) shows that the property codim + X C π ≤ 1 essentially follows when Serre's (S 2 )-property holds for the O X -modules T X/S and O X . Note that if X/Y is generically separably algebraic we have T X/S = T X/S ; then if O X satisfies (S 2 ) by Lemma 2.2.2 T X/S also satisfies (S 2 ). We get codim 
(Ω X/S , O X ), implying C π ⊂ B π ; it also implies the other assertion when Ω X/S is locally projective (by quasi-coherence). 
Assume π is separably algebraic and flat. Then
(ii): Assume instead that π is separably algebraic and Y /S be smooth. Similarly to (a) it follows that β 1 (T X/S→Y /S ) = 0, implying the assertion. (3): We prove that C X/Y has no associated primes of height ≥ 2. Suppose the contrary, that x is an associated prime of height ≥ 2, so k x ⊂ C X/Y,x . Letting T a X/S→Y /S,x be the pre-image of k x in T X/S→Y /S,x the short exact sequence
gives the exact sequence
Ox (k x , T X/S,x ) = 0, the above sequence is split exact; hence T a X/S→Y /S,x ⊂ T X/S→Y /S,x has non-zero torsion. But
is torsion free, which gives a contradiction.
To see that points of height 1 in C π and B π are equal, by (1) it suffices to see that if x is a maximal point of B π , then x ∈ C π . Since X/S is smooth in codimension ≤ 1 the dual of the exact sequence (1.3) (or apply (1) again) implies the first equality in
the second equality follows since Ω X/Y is quasi-coherent. The unequality sign follows since x ∈ B π implies that Ω X/Y,x is not free over the the regular ring O x of global homological dimension 1.
(4): Since Ω X/S and Ω Y /S are locally free, the assertion follows from Proposition 1.2.1 and (2).
(5): See [12] . We try to shed some more light on this. If X/Y is not generically separable, then B π = X so codim + x B π = 0. Now assume that X/Y is generically separable. Since π is d.r.c.i. we have locally an
We state an easily workable excerpt of the above results when d X/Y = 0. (1) π is submersive. (2) π is submersive at points of height 1. (4) from (1), as seen from the following well-known example:
Assume that all morphisms X/S, Y /S, and X/Y are locally of finite type and assume that π : X/S → Y /S is generically smooth. Let B X/S be the branch locus of X/S, so B X/S ⊂ X s , where X s is the locus of points where X/S fails to be smooth, and X s = B X/S when X/S is flat [19, §17] . It is easy to see that if Y /S is smooth, then B X/S ⊂ B π ; but B X/S need not be contained in C π , by the above example. 
S be the category of integral schemes X/S locally of finite type satisfying (S 2 ), and C s S the category of smooth schemes. Then Theorem 2.2.1 implies that all Noetherian integral schemes Y /S are weakly C 2 S -pure, and that smooth schemes are strongly C s S -pure. It should not be a big surprise that codim + X C π ≤ 1 holds under weaker conditions than those needed to get codim + X B π ≤ 1. For example, Griffith [17] has examples where B π does not satisfy codim + X B π ≤ 1 for finite morphisms π : X/S → Y /S of the type (F), when X is normal and Y is Gorenstein, but we know that Y /S is C 2 S -pure, so codim 
Note that B π (resp D π ) is the locus of points (resp. values of π) where π is not smooth [19, 17.15.15] , and since π is generically separable, hence generically smooth, then if B π = ∅, we have codim Remark 3.1.3. [26] contains the following example, due to Mumford, of a flat family of smooth surfaces that degenerates over a point of height > 1. Let p 2 : C 2 × C 2 → C 2 be the projection on the second factor, ∆ be the the diagonal section and Σ the section {0} × C 2 . Let σ : X → C 2 × C 2 be the blow-up of Σ ∪ ∆ and put π = p 2 • σ, which is flat of relative dimension 2. Here the fibre X 0 which consists of two smooth irreducible components, intersecting along a curve B π ⊂ X 0 , and codim
gives more examples of this phenomenon of high codimension of D π [11] .
Let α X/S (x) = dim kx m Xs,x /m 2 Xs,x − dim O Xs,x be the relative regularity defect at the point x in a Noetherian scheme X, and put Λ X (x) = Ker(k x ⊗ m Ys,y /m 2 Ys,y → m Xs,x /m 2 Xs,x ).
Lemma 3.1.4. Let π : X/S → Y /S be a generically separable morphism locally of finite type, where k X,x is separable over k S,s for each point x in X. Assume that k x /k s is separable when x ∈ B π . Then 
Xy ,x
The vertical sequences are exact since k x /k s and hence k y /k x is separable. By the same reason, Γ kx/ky/ks = 0 and therefore
This implies the assertion in the lemma. Proof. We construct X ′ as in [19, Prop. 17.16.1] . Let {t 1 , . . . , t d X/Y } be a regular system of parameters of O Xy,x , and select f i ∈ O X,x that map to the t i . Since π is flat and X is Cohen-Macaulay the fibre X y is also Cohen-Macaulay, therefore as in [loc. cit.] {f 1 , . . . , f d X/Y } forms a regular sequence in O X,x . Putting I = (f 1 , . . . , f d X/Y ) and X ′ = Spec O X,x /I, the inclusion X ′ ⊂ X is a regular immersion of Cohen-Macaulay schemes, and the composed mapping X ′ → X → Y is flat and quasi-finite, implying dim X ′ = dim Y and since X ′ /Y is locally of finite type it is also generically algebraic.
We assert that X ′ /S is a d.r.c.i. Since I is generated by a regular sequence it follows that the O X ′ -module induced by I/I 2 is free (the conormal module of X ′ in X). Since X/Y is generically smooth of relative dimension d X/Y and I is generated by a regular sequence of length d X/Y it induces a regular system of parameters at points in X ′ \ B π ∩ X ′ ⊂ X it follows as in [19, Cor. 17.16.3] that X ′ /Y isétale at such points, hence X ′ is reduced in X ′ \B π ∩X ′ where B π ∩X ′ contains no maximal points of X ′ ; since X ′ is Cohen-Macaulay it has no embedded associated points; hence X ′ is reduced. Since X ′ /S is generically separable the generic ranks of I/I 2 and Ω X ′ /S add up to the generic ranks of O X ′ ,x ⊗ O X Ω X/S , it follows easily, using the fact that I/I 2 is free, that the conormal sequence
is exact also to the left. Since B X/S = ∅, i.e. Ω X/S is locally free, it follows that X ′ /S is a d.r.c.i. Let 
where the inequality follows since the ideal I x 1 of O X,x 1 is generated by a regular sequence of length ht(I x 1 ) no less than dim k X,x 1 I x 1 mod m 2 X,x 1
. We see then that Proof. Let y be a maximal point of D π of height ht(y) ≥ 2 and x be a maximal point of B π ∩ X y ; since y is maximal it follows that x is maximal also in B π . Assume on the contrary that ht(x) ≤ ht(y), hence by the dimension equality for flat morphisms ht(x) = ht(y) and x is a maximal point of X y . Therefore, after localisation to a neighbourhood of x we can assume that B π = X y . Let π 1 : X ′ → X → Y be the morphism provided by Lemma 3.1.5, where we have selected any closed point x in X y ∩ X ′ . Denoting by X ′ (1) the set of points of height 1 in X ′ , we assert that the set X ′ (1) ∩ X y = X ′ (1) ∩ X ′ y is empty. Assume the contrary, that there exists a point x ∈ X ′ (1) ∩ X ′ y . We have
where the first equality follows by the flatness of π 1 , the second since X is Cohen-Macaulay and X ′ ⊂ X is a regular immersion, and the third equality follows by the flatness of π. Since ht(y) ≥ 2 we then get dim X ′ = dim Y ≥ 2.
Since moreover X ′ is catenary, and X ′ y is closed in X ′ and therefore stable under specialisation, there exists a point x ′ ∈ X ′ y satisfying ht(x ′ ) ≥ 2, implying dim X ′ y ≥ 1, giving a contradiction and proving the assertion. By Theorem 2.1.6, noting that codim Y B Y /S ≥ 3 and X ′ is Cohen-Macaulay, B π 1 = ∅ if we show that X ′ (1) ∩B π 1 = ∅. Suppose x is a point of height ≤ 1 in X ′ . Then we know that x ∈ B π , hence π is smooth at x since π is flat; hence by [19, Cor. 17.16.3] it follows that X ′ /Y is smooth at x, hence Ω X ′ /Y,x is free, so x ∈ B π 1 . Therefore by Lemma 3.1.4 X y ∩ X ′ = B π ∩ X ′ ⊂ B π 1 = ∅, resulting in a contradiction since by construction X y ∩ X ′ contains the point x. Therefore ht(x) ≥ ht(y) + 1.
Remark 3.1.8. Assume S is the spectrum of a perfect field. By the above proof X ′ is smooth over a perfect field at points of height ≤ 1, so X ′ satisfies Serre's condition (R 1 ). Since X ′ is Cohen-Macaulay and it follows that X ′ is normal. Moreover, π 1 is quasi-finite, hence we would conclude B π = ∅ using Zariski-Nagata-Auslander purity (or Grothendieck purity) if we assume Y is regular (or a local complete intersection). 
